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Abstract—This theoretical study addresses the nature of motions in a toroidal fluid loop oriented in the
vertical plane and subject to rather general internal heating and/or thermal wall conditions. It is shown that
previous one-dimensional models of flow in the loop can be transformed, without further approximation,toa
‘master’ problem of three non-linear ordinary differential equations, along with an infinite set of linear ‘slaved’
problems. The mass flux is determined solely by the master problem. The question of existence and stability of
steady flows reduces to a study of cubic algebraic equations. In the strongly non-linear regime, it is argued that
only steady or chaotic flows, not periodic ones, are possible. The sensitivity of the one-dimensional model
predictions to various wall-stress parameterizations is described.

NOMENCLATURE

A amplitude of oscillatory disturbances on the
steady flow

B factor in the stability equation {19b)

Cy drag coefficient

C, nth cosine mode amplitude

Ac  supercriticality, equation (21)

f  draglaw function, equation (17)

g  gravitational acceleration

h  heat transfer coefficient

h non-dimensional heat transfer function,

equation (9)

n  Fourier expansion index

N draglaw exponent, equation (17}

Pr flow parameter, equation (8a) (effective
Prandtl number)

q mass flux

g,  applied surface heat flux

¢  internal heating rate

R, radius of torus

R, cross-sectional radius of torus

Rd' flow parameter (effective Rayleigh number)

critical Rayleigh number

S, nthsine mode amplitude

t time

T  temperature

T* effective driving temperature distribution,
equation {4) .

T, non-dimensional driving temperature
distribution

T,, external wall temperature

internal temperature scale

effective driving temperature scale for T* of

equation (4)

v azimuthal cross-sectionally averaged velocity

V' velocity scale.

Greek symbols
o« angle of symmetry axis of torus with respect
to horizontal
fp  coefficient of thermal expansion

Landau constant

basic fluid density

wall stress

azimuthal angle around torus with respect to
torus axis.

D AN X

1. INTRODUCTION

THERE has recently been much interest in convectively
driven flows in closed or open fluid loops. The flowin a
rectangular closed pipe heated at the bottom branch
and cooled along the top branch was originally studied
by Welander [1] as a crude but informative model for
naturally occurring convection in unconfined regions.
Subsequently Torrance [2] and Bau and Torrance [3]
have proposed various pipe models for geophysical
flows in the earth’s crust, In the past few years much of
the experimental and theoretical work on convective
flows in closed tubes has been oriented toward
applications in solar heating systems, where the loop is
usually heated at locations below the points of cooling
so that the mass and heat transfer around the loop is
self-driven (e.g. no pumps are needed). Such systems are
called thermosyphons. Recent research has sought an
understanding of the dynamics of flows in such heated
circuits, especially whether or not the motion is steady,
oscillatory, or even chaotic, and of how the internal
fluxes are related to the external parameters,

The prototypical example of the thermosyphon is
shown in Fig. 1. It is basically a torus oriented in the
vertical plane, containing a working fluid of constant
viscosity and thermal diffusivity. The radii of the tube
and torus are R and R, respectively. The fluidisdriven
byadistribution of temperature around the walls, 7,(6),
or perhaps by an internal heat source @(f) [Jm ™ 3s ™13,
where @ is the angle around the torus starting from an
offset angle « that measures the rotation of the
symmetry axis of the torus up from the horizontal. The
significance of the offset angle is discussed further
below. The internal heat source Q(8) in practice can be
generated by radiative fluxes, Joule heating, or more
commonly by a thermal flux condition at the inside of
the torus wall. In this last instance Q(6) is just the flux at
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Q(8)

Tw(8)

Ry

FiG. 1. Geometry and heating conditions for the thermally
driven fluid loop.

the wall, ¢,(0) say, divided by R,/2. Other specific
heating methods have been considered in the literature
but it will be seen that they are mathematically
equivalent to those shown in Fig. 1.

Of principal interest here is the time dependence of
the mass flux ¢, and the distribution of temperature
around the torus for various heating distributions.
Previous research on this system has concentrated on
the study of one-dimensional (1-D) models for the flow.
That is, cross-sectional averages are taken per-
pendicular to the circumferential axis of the torus. The
non-linear terms in the momentum and energy
equations are replaced by interactions between the
averaged temperature and the averaged azimuthal
mass flux only. This is equivalent to neglecting the
averaged Reynolds stress in the usual mean and
turbulent flow decomposition. Although recent two-
dimensional (2-D) numerical work by Mertol et al. [4]
indicates significant departures from 1-D behavior, if
the averaging is done carefully (with appropriate
factors for the non-linear interactions), 1-D models
provide a useful and qualitatively accurate description
of the observed motions, and they have received much
attention. Creveling et al. [5] studied the case with
o = 0, a constant wall flux inwards for negative & (the
lower half of the torus), and constant T, for positive 6.
They found that steady flow solutions of the 1-D model
equations agreed with experiment onlyifthe wall-stress
parameterization in terms of the mass flux varied with
the applied heating rate. For low heating rates,
frictional drag was proportional to g, while at higher
values the actual internal motion appeared to be
turbulent and the stress seemed to follow a g'->-law.
Using these friction laws they computed the stability of
the predicted steady flows by deriving a transcendental
characteristic equation for the linear growth rates that
had an infinite number of roots. The stability results
gave partial agreement with experiment. Greif et al. [6]
integrated the 1-D thermosyphon model with linear
drag using a finite-difference representation in 6 to
obtain further information about the predicted
transient behavior of the simple loop. These two studies

have been extended to other situations of practical
importance. Mertol et al. [7] discuss steady 1-D
solutions and stability in the presence of throughflow.
Damerell and Schoenhals [8] study the predicted and
observed steady flow, as well as the observed flow
instability in a system where the symmetry axis of the
heating and cooling is slanted with respect to gravity
{x # 0). As o goes from 0 to 90°, the physical situation
goes from bottom-heated to side-heated. As « is
increased from zero there are substantial changes in the
flow which are of importance for the solar thermo-
syphon problem.

In this paper a new approach to the study of the 1-D
thermosyphon model is presented. Firstitisshown that
the set of non-linear partial differential equations (in 8
and t) used in the previous studies can be reduced to
three coupled non-linear ordinary differential equa-
tions. This major simplification makes it a very simple
task to investigate the existence of steady solutions and
their stability, transient behavior, and strongly non-
linear effects like persistence, hysteresis, and chaos. The
analysis shows that the general structure of the
predicted 1-D flows are remarkably insensitive to the
heating distribution, provided it meets some rather
weak symmetry restrictions. However, the results
appear to be very sensitive to the friction parameteriz-
ation. For realistic external heating rates typical of
previous laboratory work, there appear to be only two
types of flow at large times after initial transients have
decayed. The motion is either steady, with possible
multiple solutions for the same external driving, or
chaotic.

2. FORMULATION

Consider the flow in the loop of Fig. 1. Since previous
authors [2-8] have derived the 1-D model of the
thermosyphon in some detail one can start with the
usual azimuthal circulation and thermal energy
equations obtained by averaging over the cross-section
of the torus and evaluating the wall stress and heat flux
empirically. Let v{t) be the average azimuthal velocity at
all 8, and T(0, 1) be the average temperature. Then the
circulation and energy equations can be put into the
following form [6]

dve gpf | 27
— =" Tcos(@ -, 1
P = o J‘_n cos (6 +o) do R, O
dT oT v oT
PCr gy = "CP(E *Re %)
—2HONT—T,
- ZHOT=L) o).

R

p

In these equations p is the basic density of the
Boussinesq working fluid, C,, the heat capacity, f the
coefficient of thermal expansion, g the gravitational
acceleration, T the wall stress, ¢ the time, and h the heat
transfer coefficient from the wall to the fluid. To close
the system 1 and k must be specified as functions of
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either position, time, and/or the dependent variables of
the problem v and 7. One supposes that the heat
transfer coefficient can be written as

h = ho[ 1+ H(0)]. 3)

That is, the heat transfer has a constant component A,
as well as a variation with position around the torus.
This positional variation can represent changes in wall
properties with 6. T,(6) is considered to be an applied
temperature on the outside of the toroidal wall. If the
wall were thin and of uniform conductivity (in 8), then
H(0) would be zero. As a counter-example, Creveling et
al. [5] have an approximate heat-flux boundary
condition for negative # {using a heater tape wrapped
around a glass section of the torus) and a constant
temperature boundary condition for positive 8 {using
anisothermal water jacket surrounding a copper tube).
Inthe present model these external conditions would be
emulated by setting i’ = —1and Q@ = 2¢q/R,for8 <0,
with @ =k =0 and T, equal to the water jacket
temperature for § > 0. The convention used through-
out is that the range of Bis —n < < 7.

Equations (1) and (2) are normalized by using a
velocity scale V' and a time scale Ry/V. It is assumed
that the wall stress © can be written in the general
form 1 = Cyololf(lv/V1])/2 where f({v/V]} is a non-
dimensional power law function, and C, is the drag
coefficient whose magnitude may depend on the form of
f.Thetemperatureis scaled with the dimensional value
AT =2V?C4/gBR,. This is the temperature difference
between upward and downward sections of the torus
required to give a steady flow V that balances the
buoyancy torque with a quadratic wall drag.

In addition a combined heating function can be
defined as

T*(0) = T(O)[1+K(O)]+QOR,/2ho. (4

In this model internal heating {or thermal wall fluxes)
and temperature conditions at the walls combine
into one thermal source term. This effective wall
temperature T*is normalized by a scaling temperature
AT, suchthat the non-dimensional driving temperature
T4(8) = T*0)/AT, has a peak value of 1.

A velocity scale is used such that

V = 2hoRo/pR,C,. )

This is the velocity that yields a unit Péclet number in
the following sense. It can be considered as the
circumferential velocity required to give one circuit
around the loop in the time it takes a thermal signal to
relax by diffusion by a factor e 72" or about 19,. The
normalized equations (with v, T,and t henceforth being
non-dimensional) then become

do_ Pr[—f(|v|)|v|v+ cos j T cos (6) d6
dt T n

_ Si“n(“) f T sin (0) d@} ©)
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aT  oT ,
Fr +u—5é~ = —T{1+H}+ Ra' THO). Ul
The two non-dimensional parameters are
Pr = R,Cy/R,, (8a)
and
AT,R?
Ra =oL ___9PATR, (8b)

T AT~ 8(ho/pC, ) RAC,

where Pr is an effective inverse Reynolds number. If Pr
is large, inertia in the loop is negligible (dv/dt = 0). This
is equivalent to a large Prandtl number in laminar
flow with molecular friction. Using equation (5),
Pr = C,¥/V;, where V; = 2hy/pC, is proportional to
the thermal diffusion velocity normal to the walls. Since
C,4V is the effective friction velocity, Pr is seen to be a
generalized Prandtl number. Similarly, Ra’ can be
considered as a ratio of the square of the forced
buoyancy velocity gBAT.Ry to the product of the
circumferential friction velocity R,C4V/R, and the
circumferential thermal diffusion velocity ViRo/R,.
Thus Ra’ is a modified Rayleigh number.

To make further progress it is necessary to place
some rather weak but crucial restrictions on Ty(6) and
H(#). It is required that T, be an odd function of 8. That
is, the driving must be antisymmetric about the line
0 = 0. This implies that the #-average of T* is zero, or
that the thermal fluctuations in the torus are unbiased.
Any bias in the heating would simply change the
average temperature of the loop. In addition Ty must be
symmetric on either side of @ = n/2 and —n/2in both 6
half-planes. In other words the peaks of T, must be at
6 = F /2 and T; must be distributed equally for 6 less
than or greater than the peak points. These restrictions
are notas severe as it might seem. By changing « one can
rotate the peaks of the heating with respect to the
vertical, and rather general shapes of T; are allowed
provided they are not skewed. All previously reported
experiments on tori that the author is aware of satisfy
these restrictions,

The present model also requires that the heat transfer
coefficient #'(6) be constrained to the following form

K@) =0 for 0<B<m, (9a)

K(0) = K (const) for —n<0<0 (9b)

If " # O then the model describes a torus with different
heat transfer coefficients above and below 8 = 0. For
example the lower half of the loop might have a higher
conductivity (b’ > 0) compared with the upper half. A
special case is #' = —1 whence the lower half is an
insulator. It could be coated with a thin metallic layer
carrying an electrical current. Joule heating in the film
would yield a wall flux ¢, but with negligible heat loss. In
practice such flux conditions are only approximated
very crudely [5]. However, it is clear that many other
combinations and forms are possible.

The problem then is to solve the non-linear partial
differential equations (6) and (7) with a prescribed
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driving temperature T, and &' as given by equations(9a}
and {9b). The key to the solution of the problem is to
note that the only effect of temperature on the
azimuthal velocity v is through the weighted 0 integrals
of equation (6). The weighting functions cos(f)) and
sin(f) suggest a solution in discrete Fourier modes.
Thus one can expand

T(0) =Y, C1) cos (n)+8,{¢) sin (nth), (10a)

and

T0) = 3. [—H, sin (n6)],

n

(10b)
with

H, = J T, sin (n0) d0/x, (10c)
where the index nis over all odd integers 1, 3, 5,.. ., etc.
because of the symmetry conditions outlined above. In
summary, if equations (9a) and (9b) are satisfied and
equations (10b)and{10c) provide acomplete expansion
of T, then the model is exact.

The above expansions are substituted into equations
(6) and (7). After multiplying by cos{#'0) and sin{n'0h
and integrating over 0, an infinite set of ordinary differen-
tial equations for o(r), $,{t) and C,{1) are obtained. To
put these in a standard form one rewrites v = X{t),
C,=7Y(), § =Z(t)—Ra, and use a slightly re-
defined velocityscale V ~ (1 + h')V. The new set of trans-
formed equations is then

% = Pr[— X|X|f(X}+cos (1) Y —sin {«)(Z — Ra}],
{1y
dy
—— = —-XZ-Y+Ra X, {12)
dt
g——XY—Z (13
dr ’

where Ra = Ra’ H, (14 h'/2)%

There is also an infinite sequence of quasi-linear
problems for the higher f modes withn = 3,5,7,... etc.
These are

dC"

14
i (14)

= —(C,—nXS§,,
and

d§
= —8,+nXC,+Ra H,/H,.

15
dr (13

It can be shown that the structure of the flow in the
loop, X(1), is completely determined by the three non-
linear ordinary differential equations (11)-(13) alone.
This is because the temperature only contributes to the
net torque on the fluid in the torus if it has a component
proportional to sin (6) or cos (0). Thus to solve for the
motion one only has to solve this ‘master’ problem
involving the n = | thermal modes.

Looking at equations (14} and (15), it can be argued
that given X{) from the master problem, there will be a
unique, convergent, and stable solution of this set of
problems provided H, decays with n. Tt is shown in the
appendix that il X is steady or periodic, the S, and C,
modes from equations {14) and (15) will be steady or
periodic, respectively. Further, numerical integrations
not described here show that if X is aperiodic (chaotic)
the sclutions of these equations will be chaotic as well.
Thus the solution of the original 1-D partial differential
equations can be reduced to a three-component master
problem along with a large set of linear slaved-mode
problems the solution of which has no effect on the mass
flow. In what follows only the master problem is
addressed, since only the nature of the time dependence
in the loop, not the detailed thermal distribution for a
specific driving term T} is of interest. Clearly, once X(¢)
isdetermined itis a trivial job to find the solutions of the
slaved problem for steady flows, and only slightly
harder for periodic ones. It is shown below that this
latter task is not required since no periodic solutions are
{found for parameter ranges of practical interest.

3. ANALYSIS OF THE MASTER PROBLEM

The master problem shows firstly that if H, = 0,50
that there is no sin (0} dependence in the heating
distribution, Ra = 0 and any initial motion in the loop
will decay away. Conversely, it is only the sin (0)
component of the generalized forcing T* that affects the
dynamics! Thus one considers H,; # 0 and proceeds
to look at the types of motion allowed.

The problem posed in equations (11)~(13) turns out
to contain as a special case one of the most studied
mathematical problems in recent years. If 2 = 0 and
f =1u|” " these equations are identical to the set of
equations originally proposed by Lorenz[9] asa highly
truncated model of thermal convection between plane
parallel plates. Because the Lorenz equations have
chaotic solutions they have been subject to much
investigation concerned with the bifurcation sequences
that lead in and out of the chaotic regimes (see Ott [ 10]
or Lanford [11] for reviews that contain many of the
references to this work). In Lorenz’s model Pr was the
fluid Prandtl number and Ra the Rayleigh number,
although here the parameters have the slightly different
interpretations given in Section 2. The Lorenz limit,
corresponding to heating antisymmetric about the
vertical, and a laminar [riction law, is a useful starting
point and some of the previous results are reviewed
below.

Steady solutions are casily found. They are X, = 0
and X, = £ /(Ra—1). Thus if Ra < 1 the only steady
solution is X, = 0. The two others, corresponding to
clockwise and counterclockwise rotation, exist when
Ra > 1. Lorenzshows that for Ra > 1 the null solution
is unstable, whereas the two non-zero solutions are
stable for Ra less than a critical number

Ruay = PHPr+4)/(Pr—2). {16)
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which has a minimum value of 14.92 at Pr = 5.465. At
this critical value of Ra, the linear stability analysis of
small perturbations about the steady mode indicates
that they should break down via an exponentially
growing, oscillatory disturbance. One thus expects a
similar sort of behavior for the equations for non-zero «
and other friction functions f.

One can now proceed to an analysis of equations
{11)3~(13) for general 2 and a friction function

f(X)=X"".

Steady solutions are obtained by eliminating Y and
Z in favor of X with the time derivatives set to zero.
They are given by the equation

XG My X IX03Y o cos (x)Ra]—sin (x)Ra = 0.
(18}

a7

When N =1 and « = 0 this just gives a quadratic
equation for X, along with the X, = 0 solution. When
N == 0 (quadratic friction) and « = 0 there is one real
root of the resulting cubic equation along with the null
solution. If N =1 (the laminar friction case} and
o # 0 one again obtains a cubic equation but this
one can have three real and unequal roots for a fixed
set of external parameters. There is thus the possibility
of multiple solutions and hysteresis. This is true for
the general case of N % 1 and a # 0 as well. The
existence of multiple real roots at fixed N, Ra, o, and Pr
means that various initial states may migrate towards
different steady fixed-points. Which fixed-point is
selected will depend on how close the initial condition is
to, or whether or not it is in the attractor basin of, a
given fixed-point. To gain some understanding of
which solutions may be allowed it is necessary to
consider their stability.

The stability of the steady solutions determined
from equation (18) is easily investigated by per-
turbing equations (11)-{13) about the steady roots.
Note that once X, is found, equations (12) and
(13) give Y,=Ra X /(1+X2), and Z,=X,Y,
Then assuming perturbations of the form
(x,y,2)exp(wt) and linearizing equations (11}+13),
one obtains a simple cubic equation for w(Ra, Pr, )

@’ +0?[B+2]+ w[2B+1 +Pr cos (0)(Z,— Ra}
+ X231+ [B(1 + X3)+ Pr cos ()){(Z,— Ra)
+ Xy Yo)+ Pr sin (2)(Yo— X o(Zo— Ra)] = 0,
with

{19a)

B = (2—N)Pr| X"~ ". (19b)

If all the roots have Re {w) < 0 then the corresponding
steady solution will be stable.

The effect of varying N on the stability of the steady
solutions is looked at first. In what follows N is
restricted to the usual laminar-turbulent range of
parameterizations, e.g. 0 < N < L.

Consider the a = 0 case first. The steady flows are
given by

XP My XM= Ra, (20)

HMT 27:1-1
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Temporarily redefining Ra = Ra X7 leads to a cubic
with dRa/0X, > 0. Thus it is seen that this cubic will
have only one real root for all Ra. Since the original
friction law has the absolute value in it, this root
actually gives two solutions of equal magnitude and
opposite rotation. This is expected from the physical
symmetry ; thereis a degeneracy between clockwise and
counter-clockwise motion when a = 0. Without loss of
generality one only considers the positive root. The
cubic stability equation for w can be solved by
assuming that two of the roots are complex conjugates.
That is, assume the full cubic has the factored form
(@—1 wg¥{w+1 wel{@—w,), where wq is real. Thus
one is looking for the neutral curve dividing growing
and decaying oscillatory disturbances. Without going
into the straightforward algebra, this assumption allows
the direct determination of the critical values of Pr = Pr,
as the solution of a quadratic equation whose coefficients
are known functions of X,. This is obviously a much
easier method than that used by Creveling et al. [S]
Figure 2 gives the lowest values of Prand Rafor which the
steady solution becomes linearly unstable as functions of
N.Ttis seen that the critical Ra = Ra increases rapidly as
the friction law approaches the turbulent limit T = v|v|(i.e.
N = 0). Figure 3 shows the critical values of Pr vs Ra for
several values of N. The ‘wedges’ of instability are largest
for the laminar case, decreasing monotonically in size, as
N increases. Figure 4 shows the dependence of the neutral
frequencies on Ra for the Pr values obtained from Fig. 3.
The frequency increases with Ra and is relatively
insensitive to Pr. Thus when o = 0 one expects on the
basis of linear theory to see a transition from the steady
solution to an oscillatory one as Raisincreased (e.g. as the
heating rates are raised).

When o # 0 the situation becomes a bit more com-
plicated. Only the steady solutions and their stability
for N = 1 have been found indetail, although the analysis
could easily be carried through for other N. The steady

1000 — — 60
50
100 4.0
Ra

30 PpPr

20

F1G. 2. Critical values of Ra and Pr dividing stable and steady
flow from unstable steady flow as a function of the drag
exponent N.
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F1G. 3. Neutral curves in the Ra, Pr plane for values of N
shown.

roots are given by

X3+ X,[1—cos (WRa]—sin (Ra=0. (21)

At low Ra there will only be one real root corresponding
to the direct forcing of a circulation
by the heating. This heating is not symmetric about
the bottom of the loop but is biased on one side
and the circulation is up on this side. As Ra is in-
creased a threshold is crossed after which there are
three real roots. This occurs when {1 —cos («)Ra)*/27
+sin? (@)Ra?/4 = 0. One solution is the continuation
of the original single root. The others represent two steady
flows of rotation in the negative « direction. These
solutions are substituted each in turn into equation (19)
and their stability analysed.

Figure 5 shows the allowable (e.g. real) steady solutions
for X ; along with their stability for Pr = 7. The small and
negative root that is bracketed by the larger roots is
always unstable to a monotonically growing disturbance.
The extreme roots eventually become unstable to an
oscillatory mode where the solid curves become dashed.
Notice that there is a region of multiple stable solutions

10—
B 0.0
— 0.4
wi
— 0.6
5k 0.8
= N:=1O
| l J
0 10 100 1000
Ra

FiG. 4. Frequency of the unstable mode for various N. Upper
branches correspond to the upper branches in Fig. 3.

20 s
B a=10° o
//
10+ P
//
Xo OF S Eaintliieei i
_Io% \\\
~
~
N
N
-0 | | > J
I 10 100 1000
Ra

F1G. 5. Steady flow solutions at Pr = 7.0,a = 10°. Dashed and
solid lines show where steady solutions exist, but only the solid
line solutions are stable.

where there are two solid lines for the same Ra. These are
reflections of the situation at « = 0 where two roots exist
and are stable, except here, they are not simply equal and
opposite since there is side-biased heating present when o
< > 0. Figures 6 and 7 show the existence and stability
results when o = 30° and 60°, respectively. The multiple
steady flow region disappears at larger o and the range
of Ra over which the co-rotating flow (in the +a
direction) s stable increases with a. Thus for low angles
of rotation of the heating distribution one might expect
to find multiple steady modes with associated
hysteresis. At large o there will be only one stable steady
solution that ultimately breaks down via an oscillatory
perturbation. One might then in this case expect to see
oscillatory flows when Ra is made greater than this
transition point.

Very similar behavior at other values of Pr was
found. For Pr = 1 the region of double stable roots
extended over a substantially larger range of « and Ra
where for Pr = 20 the range was considerably smaller
than that for Pr = 7. Also, just as lowering N increased
the region of stability for « = 0, it raises substantially
the value of Ra necessary to destabilize all three roots
when o < > 0. For example, at Pr = 7,0 = 30°,and N
= (.55 (approximately the turbulent friction law found
experimentally in ref. [5]) the co-rotating steady flow
remains stable at least up to Ra = 1500.

20
B a=30° //
//
-
10— -
>(o o “-g=——-—————— - — ===
\\
~
~
-0 ~o
~
~
~N
\\
-20 I | |
| 10 100 1000
Ra

F1G. 6. Same as Fig. 5, except a = 30°.
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20— s0° e
a =
//
10—
Xo O e m
~~.
\\
-0 ~ o
\\
~
~
_20 | | ™
) 10 100 1000
Ra

F1G. 7. Same as Fig. 6, except « = 50°.

4. STRONGLY NON-LINEAR MOTIONS

Because the master problem is so simple, it is possible
to make some progress both analytically and
numerically on the question of what happens in
situations which are supercritical, where Raisabove the
region where stable steady solutions exist. Of first
importance is the evolution of the oscillatory
disturbances that linear theory predicted would grow
ontop of the steady flow for certain values of Ra, Prand
o A particularly interesting study in this regard was
carried out for the Lorenz equations (o = 0, N = 1) by
McLaughlin and Martin [12]. They performed a
weakly non-linear expansion about the critical values
of Ra and Pr with the aim of determining the amplitude
A(t') of the oscillatory disturbances of linear theory.
Here ¢ is the slow-time of a multiple time-scale
expansion. They arrived at a Landau equation for 4 of
the form

dA4?

W = AIACAZ — AZA“,

(22)
where the A’s are the Landau constants, and Ac is the
supercriticallity

Ac = /(Ra—1)—/(Ra,—1),

measuring the excess of Ra into the linearly unstable
region delimited by the neutral parameter Ra(Pr).
Since 4, is positive, if Acis positive, modes small enough
in amplitude that the 4* term can be neglected will
grow exponentially by equation (22). With the quartic
term taken into account the oscillatory instability will
saturate to a finite value (and thus be observable atlarge
times) if A, is positive. If, however, 1, is negative then
supercritical finite-amplitude oscillations are unstable.
Although subcritical limit cycles can exist as steady
solutions of equation (22) with Ac <0, they are
unstable as well. Thus 4, < 0 implies that no stable
finite-amplitude oscillations in the vicinity of the linear
neutral curve exist.

Using the formulae of McLaughlin and Martin [12]
theratio of 4, /4, was computed for various Pr(still with
N =1, a = 0). The result is shown in Fig. 8. For all Pr
for which the steady flow is unstable the ratio is
negative. Thus there are no stable limit cycles in the

(23)

0.l

-)\I

Pr

FiG. 8. Ratio of the Landau constants vs Pr.

vicinity of the critical points. For conditions very near
critical, the time evolution may be very slow and
almost-steady oscillations may appear (Fig. 9 shows
one numerical example), butin an asymptotic sense one
does not expect to see a constant amplitude limit cycle
(since they are unstable). Oscillations have, however,
been reported by Greif et al. [6] in their numerical
finite-difference solutions of the partial differential
equation model, but a close look at what they call
‘periodic’ reveals in fact a slowly decaying oscillation.
For conditions near critical, it is obviously necessary to
carry out very long runs, and this is where the reduction
to three ODEs becomes very valuable.

In the slightly subcritical case it is now well known
that certain initial conditions close to the steady flow
evolve into the steady flow, but initial conditions far
away spiral out into a chaotic solution. Chaos is
possible since trajectories not captured by a fixed-point
in the phase space of equations (11)-(13) must be
bounded, must collapse onto a surface of dimension less
than 3 (this is easily shown following the method
originally used by Lorenz [9]), and cannot fall onto a
stable limit cycle for values of Ra ~ Ra, since there
aren’t any. The orbit must then be aperiodic. Note that
Fig. 9 shows an oscillation decaying slowly to a steady
value, where the initial condition is close to that value.
Figure 10 shows the result of a numerical integration of
equations (11)13) using a Runge-Kutta scheme witha
step size of 0.005 and starting with an initial condition
far from the stable steady root. It is convenient to
categorize the solutions in terms of their orbits in the
XY plane. The trajectory falls onto a strange or chaotic
attractor, with aperiodic oscillations about the two
stable fixed-points (note that the value of Ra used is
below the critical value). The trajectories are ‘protected’
from the stable and locally attracting fixed-points by
the surrounding unstable limit cycle. Numerous
integrations for other values of N indicate that in
general one does not find any stable limit cycles near the
critical values of Ra where the linear theory predicts a
growing oscillation, rather one finds only chaotic
motions for Ra in excess of critical, and steady or
chaotic motions for subcritical Ra, depending on the
initial conditions.

It has been shown that the Lorenz system does have
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F1G. 9. Time trace after 3500 time steps: Ra = 68, N = 0.55, Pr = 2.24, o = 0, X(0) = 54.

stable periodic solutions for very large Ra (Manneville
and Pomeau [13], Shimizu and Morioka [14], Robbins
[15]) and they have been found numerically here
for general N and « as well. However, the required
values of Ra are well beyond those used in any existing
or probable experimental studies (for example, in ref.
[14] periodic solutions are found to re-appear at Ra
= 340-1000, or at least 20 times the critical Ra for
linear instability). There are also small islands of
periodic behavior embedded in a sea of chaos for large
Ra as well [13, 14]. These are beyond the scope of this
paper, and are probably not important for realistic
thermosyphons because the required value of Ra is so
large. Figure 11 shows typical solution trajectories for
small but non-zero a. The flow evolves to one of the two
steady roots if the initial conditions are within its
domain of attraction. No attempt has been made here
to find out precisely what the domains are, but it is likely
that the fact that Damerell and Schoenhals [8] did not
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find any counter-rotating steady flows at small angles
was a result of their not having a counter-rotating
initial condition.

Figure 12 shows that if the negative rootato = 10°is
unstable, and an integration is started near it, the
solution will spiral away from this root onto the
positive steady root if it is stable, otherwise the system
will become chaotic as shown in Fig. 13. Of course if the
positive steady root is only slightly unstable, the
negative one will be very unstable and in the chaotic
regime the system will spend a greater majority of its
time oscillating aperiodically in the vicinity of the
positive co-rotating root. This typical behavior is
reflected in the time trace for this integration (Fig. 14).

Lastly it is shown that the tendency of decreasing N
to stabilize the steady flows carries over into the non-
linear regime. Figure 15 shows two sections for (a) N
= 1.0 and (b) N = 0.55 and a large value of Ra. Note
that at N =1 the system evolves onto a strange
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attractor with chaotic orbits, while at N = 0.55 the

initial state spirals into a steady fixed point.

5. CONCLUSIONS

It has been shown that the 1-D thermosyphon model,
that is usually given as two coupled first-order non-
linear partial differential equations, can be reduced
exactly to three coupled non-linear ordinary differen-
tial equations. A stability analysis for steady solutions
of these equations has been carried out along with
several numerical integrations. The primary goal of this
study was to obtain a simple characterization of the
state of motion after the decay of initial transients in the
thermosyphon.

The stability and numerical results indicate a
substantial sensitivity to the frictional drag law used.
The intervals of parameter space where one expects to
find stable steady motions are enlarged when a
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Fi1G. 14. Time trace after 6400 steps for conditions as in Fig. 13.
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turbulent drag law is used. For sideways heating at an
angle %, multiple stable steady states are possible for
small a. As Ra is raised, the counter-rotating steady
solution becomes unstable before the co-rotating one.
At a large angle and small N, the co-rotating steady
flow is found to be stable at very large Ra.

When there are multiple steady states the system
evolves to the one that is ‘closest’ to the initial state in
phase space. When there is one stable fixed-point
surrounded by an unstable limit cycle (the inverted
Hopf bifurcation), the system evolves either to a steady
state or to a chaotic state depending on the initial
conditions. If there are no stable fixed-points the system
can become chaoticfor values of Rathatare notsolarge
as to be unrealistic. Thus although linear theory

predicts an oscillatory instability with two complex
conjugate eigenvalues crossing the imaginary axis (the
Hopf bifurcation), in no case could a stable limit cycle
be found for Raless than several hundred. This suggests
that experimentally observed oscillations may really
have been just slowly decaying or slowly growing, not
steady.

Previous experimental observations [5, 8] have
shown that as Ra is increased through the chaotic flow
regime, a bifurcation back to steady flow is observed.
Since the present model does not show any stable
steady solutions for large Ra, this study agrees with the
suggestion giveninref. [ 5] that thereturn to steady flow
inthe experimentsis caused by aninternal changein the
drag law.

Most of the papers cited in the introduction that look
at the closed toroidal thermosyphon do not
systematically deal with stability, instead concentrat-
ing on steady flows and/or relatively few and short
numerical integrations of equations (1) and (2) using
comparatively complicated finite-difference schemes. It
has been shown that both the linear stability and the
non-linear transient behavior can be examined very
simply but that long integrations are needed to reach
statistical equilibrium. One direct point of connection
with the present analysis is the stability experiment of
ref. [5]. Using thefacts that the -averageof T* = Oand
that g = 24./R_, along with data from their Fig. 9,
Table 1, and equations {4) and {7), one finds that their
experiment becomes chaotic (they use thc word
‘unstable’) at Pr = 4.83, N = 1.17,and Ra = 11.7. The
present theory gives a critical value of Ra = 9.09 at the
same values of Pr and N. The difference is remarkably
small given the approximations used to derive
equations (1) and (2).

Here only the friction parameterization has been
discussed. It is not obvious that the heat transfer
coefficient h should only be a function of position. If v
gets large enough, h should reflect a transition to forced
convection [that is, h should become h(v)]. As longash
is only a function of v and 8, not T, the mathematical
reduction scheme will work. One still gets a system of
three ordinary differential equations although the non-
linear coupling will be more complicated.
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APPENDIX
Here some simple results for the siaved modes are discussed.
One drops the index n and sets H,/H, = —1, since all the
problems are similar in structure. The equations become
e _ C-XS (A1)
dr — ’
and
ds
i —S+XC—Ra. (A2)

Assume a solutionexists. Let C = Cy+¢,S = Sg+ s, where C
and S, are the known solutions and ¢ and s are finite-

amplitude perturbations. Substituting these forms into
equations (A1) and (A2), subtracting the known solution,
multiplying equation (A1) by ¢ and equation (A2) by s, and
adding, yields

d(s®+c)2

(2 p?
& (s*+c?). (A3)

Thusifa solution exists it will be stable. All finite perturbations
decay exponentially.

Assume there are two solutions. Let these be C,, C, along
with S, S, where the subscript is not to be confused with the
Fourier index used in equations (14) and (15). Form Al(1)

xCy, Al(2Q)xC,, Al(1)xC,, and Al{2)xC, along with

similar equations for the $’s. Here A1(1) denotes equation (A1)
using C, and S, and so on. The resulting eight equations can
be combined into

d[($, —$2)*+(C, —Cy)’]
dt

= —2[(5; =5, +(C, - )’
(A4

Thus at large time the phase space distance between these
solutions must exponentially decrease to zero showing that
there is only one unique and stable solution.

When X becomes steady at large time, the complete
temperature field is given uniquely by the steady solution of
equations (14) and (15). This is, returning to the Fourier index

C,= —nXSs,, (AS)
and
S, = Ra H,H,(1+n*X?), (A6)

which will converge if H, decreases with n.
If X evolves to a periodic solution of period m,equations (14)
and (15) can be solved by assuming a solution of the form

C,= Y Cyexp (i mke). (A7)
k=0—-c
An infinite matrix is obtained for the coefficients. The
truncated determinant can be shown to be not zero, so a
solution will exist. However, since no periodic solutions for
reasonable Ra have been found this point was not pursued.
If X is chaotic, then the linear equations have random
coefficients, and the solutions will contain chaoticcomponents
as well.

UNE NOUVELLE ANALYSE DU THERMOSYPHON EN BOUCLE FERMEE

Résumé — Cette étude théorique concerne la nature des mouvements dans une boucle torique orientée dans un
plan vertical et soumise a un chauffage interne plutdt général et/ou a des conditions thermiques 4 la paroi. On
montre que les modéles d’¢écoulement monodimensionnel peuvent étre transformés, sans autre
approximation, en un probléme-clé a trois équations différentielles non linéaires. Le flux massique est
détermine par le probléme-clé. La question d’existence et de stabilité des écoulements permanents conduit 4
des équations algébriques cubiques. Dans le régime fortement non-linéaire. on montre que les écoulements
permanents ou chaotiques non périodiques, sont seuls possibles. On décrit la sensibilité des prévisions du
modéle monodimensionnel aux différentes paramétrisations du frottement pariétal.

EINE NEUE UNTERSUCHUNG DES ‘CLOSED-LOOP-THERMOSYPHONS

Zusammenfassung— Diese theoretische Untersuchung befaBt sich mit den Bewegungsabliufen in einem
torusférmigen Fluid-Kreislauf, der in einer senkrechten Ebene orientiert ist und den unterschiedlichsten
inneren thermischen Wandbedingungen ausgesetzt wird. Es wird gezeigt, daB sich friihere eindimensionale
Modelle der Kreislauf-Strémung ohne weitere Approximationen transformieren lassen, und zwar in ein
‘master’-Problem, das aus drei nichtlinearen gewéhnlichen Differentialgleichungen besteht, und einen
unendlich groBen Satz von linearen ‘slave’-Problemen. Der Massenstrom wird allein durch das ‘master’-
Problem bestimmt. Die Frage nach Existenz und Stabilitit von stationiren Strémungen wird auf die
Untersuchung von kubischen algebraischen Gleichungen reduziert. Es wird ausgefiihrt, daB im extrem
nichtlinearen Bereich nur stationédre oder chaotische Strémungen méglich sind, nicht jedoch periodisch
schwankende. Die Empfindlichkeit der Voraussagen des eindimensionalen Modells im Hinblick auf
verschiedene Wandschubspannungen wird beschrieben.
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HOBBIH 1OAXO0J K AHAJIM3Y TEPMOCU®OHA C 3AMKHYThIM KOHTYPOM

Annorauma—1poBe IEHO TEOPETHYECKOE HCC/IEAOBAHHUE XAPaKTEPa TeUCHN B TOPOHAATLHOM 3AMOAHEH-
HOM XKHIKOCTBIO KOHTYPE, ODHEHTHDOBAHHOM B BEPTHKAJbHON IIOCKOCTH, NpPH JOBOJBHO oOHIHX
YCHOBHAX BHYTPEHHETO HAIPEBA H/W/IM TENOBLIX YCIOBHSX Ha creHke. [Tokasano, uTo npuMeHsBILHECS
paHee OAHOMEPHBIC MOJE/H JUIS TEYEHHS B KOHTYPE MOXHO, He npuberas kK XajbHeHUIMM Mpubiuke-
HHAM, CBECTH K «OCHOBHOW» 3ajadYe M3 TpeXx HEIMHEHHBIX OORIKHOBEHHbIX AudpepeHlnanbHbIX
YpaBHEHHIt M K OEeCKOHEYHHOMY MHOXECTBY JHHEHHBIX «BCOOMOraTebLHBIX» 3adad. [TOTOK Maccs
OfpeneReTCA TONLKO U3 OCHOBHOI 3ana4u. Bonpoc o cyimecTsoBanny U yCTORYHBOCTH CTAHUOHAPHBIX
TeueHui CBOAMTCS K aHanuly xyOmueckux anrebpauyueckux ypasHenuil. [loxasbiBaeTcsi, 4TO IpH
CH/IbHO HENMHEAHOM DEXHME BO3MOXHBI TOJIbKO CTALMOHAPHBIE HJIH XaOTHYECKHE, HO He NEPHOIHYeC-
ke Teuenns, [TokazaHo MapaMeTPHYECKOe BIMSHME HAMPSXEHWH HA CTEHKE HA pe3YJbTaThl PacYeToB
C IOMOUIBIO OJJHOMEPHOH MOJEHH.



